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Is the Donnan effect sufficient to explain swelling in brain tissue slices?
Georgina E. Lang1, Peter Stewart1,2, Dominic Vella1, Sarah L. Waters1, Alain Goriely1
1 Mathematical Institute, University of Oxford, Oxford, UK
2 School of Mathematics and Statistics,
University of Glasgow, Glasgow, UK
Brain tissue swelling is a dangerous consequence of traumatic injury, and is associated with
raised intracranial pressure and restricted blood flow. We consider the mechanical effects that drive
swelling of brain tissue slices in an ionic solution bath, motivated by the experimental results of
Elkin et al. 2010 [Phil. Trans. R. Soc. A 368, 585-603]. They show that the volume change
of tissue slices depends on the ionic concentration of the bathing solution, a result they attribute
to the presence of large charged molecules. These molecules induce ion concentration gradients to
ensure electroneutrality (the Donnan effect), leading to osmotic pressures and water accumulation.
We use a mathematical triphasic model for soft tissue to characterise the underlying processes that
could lead to the volume changes observed experimentally. We suggest that swelling is caused by
an osmotic pressure increase driven by both non-permeating solutes released by necrotic cells, in
addition to the Donnan effect. Both effects are necessary to explain the dependence of the tissue
slice volume on the ionic bath concentration that was observed experimentally.
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I. INTRODUCTION
Following damage such as stroke or traumatic brain
injury, brain tissue has been observed to swell [1]. As
the brain is confined by the skull, local swelling may be
associated with compression of other regions of tissue, in-
creased intracranial pressure and restricted blood supply
to the brain [2]. Brain swelling is a significant cause of
morbidity and death [3]: current medical strategies aim
to reduce swelling and intracranial pressure in order to
maintain blood supply and retain cerebral metabolism
[4]. However, to enable treatments to be developed it
is of critical importance to understand the underlying
physical effects that cause brain tissue to swell following
injury.
A. Swelling of Brain Tissue Slices
Brain swelling, or edema, occurs when there is an ab-
normal accumulation of water within the brain tissue
[5, 6]. It is thought that this water accumulation is pri-
marily driven by osmotic effects [7], as the mechanisms
that maintain osmotic gradients between tissue, blood
and cerebrospinal fluid are disrupted when tissue is dam-
aged. Our aim is to understand the relation between os-
motic gradients, water accumulation and deformation in
damaged brain tissue. As an initial step towards under-
standing the interplay of these complex processes leading
to edema, we consider here the swelling of brain tissue
slices bathed in salt solution. Tissue slice experiments
are common as brain slices in vitro maintain many as-
pects of their in vivo characteristics, whilst the exter-
nal environment can be controlled with relative ease [8].
Numerous experimental studies have observed that brain
tissue slices swell when excised from the brain and placed
in an isotonic solution bath [9–11]. We focus on the ex-
perimental results of Elkin et al. [9], as they carried out
systematic experiments to determine slice volume change
over a range of bathing solution concentrations.
Experiments were performed on cortex slices from
rats, measuring 3×1.5×0.35mm. There were two sets
of experimental conditions and results of particular in-
terest. First, slices were treated with electron trans-
port chain decouplers (10mM 2-deoxyglucose and 5mM
sodium cyanide) and placed in an isotonic (300mOsm)
artificial CSF solution (Gey’s salt solution) for 24 hours.
This treatment blocked metabolic activity in the cells,
leading to damage and hence swelling. The volume of
the slices was then measured to establish a baseline vol-
ume change of 74±10%.
Second, damaged slices were transferred to solutions
with different ionic concentrations (6, 200, 300, 1000,
2000 and 4000mOsm) for two hours before the swollen
volume of tissue was measured again. It was observed
that when the tissue was moved to a less concentrated
ionic solution bath it would swell further; when the tis-
sue was moved to a more concentration solution bath
then it would shrink. Results were given for the volume
change relative to a baseline volume. Since, we are inter-
ested in the processes leading to the total volume change
from healthy to damaged tissue we rescale the results for
the concentration dependent swelling with respect to the
mean baseline volume change of 74±10% to obtain the
volume change in each ionic concentration, relative to the
original volume of the healthy tissue slice.
B. Causes of edema
In vivo brain tissue swelling may be caused by one or
more of a number of mechanisms, including changes in
2blood brain barrier permeability, accumulation of plasma
proteins in the tissue and abnormal cell metabolism and
function. As brain tissue slices are isolated from the
vasculature, changes in blood brain barrier permeability
cannot be a factor in the swelling of such slices.
Elkin et al. [9] propose that the Donnan effect con-
tributes to the physical driving force underlying brain
tissue swelling. The Donnan effect occurs when a charged
porous medium is in contact with an ionic solution. At
equilibrium the ions must be in electrochemical equilib-
rium, and the tissue must be electroneutral. The charges
on the porous medium require neutralisation and so ions
move in to neutralise the medium charge; the ion concen-
tration is greater within the porous medium that outside.
This difference in internal and external ion concentration
leads to an osmotic pressure that drives fluid from the
ionic solution into the porous medium [12]. If the porous
medium is elastic, this osmotic pressure and the concomi-
tant influx of water causes deformation of the medium,
i.e. swelling.
The fixed negative charges in the brain are due to
macromolecules such as proteoglycans and DNA: we refer
to these charges collectively as the Fixed Charge Density
(FCD). In healthy brain tissue, macromolecules with a
net negative charge are present within cells [13]. As liv-
ing cells are able to actively regulate transport across
their cell membrane, they are able to prevent the influx
of ions that would otherwise lead to the Donnan effect.
The FCD in healthy tissue is therefore isolated from the
tissue mixture, and so there is effectively no FCD. How-
ever, when brain tissue is damaged the cell membranes
lose their integrity and the FCD within cells may become
exposed. The tissue can then be thought of as a mixture
of solid components (extra and intracellular matrix with
FCD attached), water, and dissolved ions. Thus, tissue
damage effectively causes an increase in the FCD of the
tissue, which might lead to tissue swelling via the Donnan
effect.
An alternative hypothesis for the increase in osmotic
pressure within the tissue slices is that it is caused by an
accumulation of solutes. An increase in tissue osmolarity
has been measured in the core of an edemic region follow-
ing contusion and ischemia, that was not due to changes
in organic ion concentration [14]. The authors hypoth-
esise that the increase in osmolarity is due to solutes
produced during abnormal metabolism in distressed tis-
sue. An increase in solute concentration could also arise
from the proteins which are usually isolated within the
intracellular space [13] and become merged with the in-
terstitum when the cell membranes are damaged. As the
slices measure just 0.35mm in depth, small uncharged so-
lutes that are able to diffuse easily through the mixture
will rapidly equilibrate in concentration with the solution
bath. Only solutes that cannot move through the convo-
luted architecture of the tissue, and become ‘trapped’ by
the solid matrix, will contribute to the osmotic pressure
within the tissue.
C. Mathematical modelling approaches
Whilst the mechanical properties of brain tissue un-
der compression, extension and shear have been studied
extensively [see 15–18, for example], the properties and
behaviour of swelling brain tissue has received relatively
little attention in the biomechanics literature. The defor-
mation of brain tissue caused by a given force depends
upon the rate at which that force is applied [19]. A com-
mon approach is to model the tissue as a viscoelastic ma-
terial whereby the elastic coefficients in the stress-strain
relationship are time dependent: this approach is typi-
cally applicable for processes which occur rapidly such as
car crashes or sports injuries [20, 21].
An alternative approach is a multiphase (or poroelas-
tic) theory, where components of the tissue are treated
as separate, interacting phases. Biphasic and poroelas-
tic models, incorporating a porous elastic solid phase
(representing cells and extracellular matrix) and a fluid
phase (representing interstitial fluid), have been applied
to model conditions such as hydrocephalus [22, 23] and
edema [24]. A triphasic model is an extension of the
biphasic approach to include positive and negative ions
species. Elkin et al. [9] investigated the behaviour of
damaged slices of brain tissue using a triphasic model,
whilst Drapaca and Fritz [25] use a triphasic model to
propose a new mechanism for hydrocephaulus. This
triphasic model was originally proposed by Lai et al. [12]
for cartilage, and comprises three mobile phases: solid,
fluid and ions, along with a Fixed Charge Density (FCD)
adhered to the solid phase. Cartilage has a different
structure to brain tissue: cartilage has a dense extracel-
lular matrix (ECM) with a high concentration of nega-
tively charged proteoglycans, and is highly acellular [26],
whilst soft tissues such as the brain contain a lower pro-
teoglycan concentration, and much greater cell density.
The proteoglycans of the ECM are the primary source of
FCD in cartilage. It is unclear whether significant FCD
is exposed in healthy brain tissue, but the analysis of
Elkin et al. [9] indicates that damaged brain tissue does
indeed behave as a triphasic mixture.
In this work, we extend the triphasic approach to in-
vestigate whether exposure of FCD (the Donnan effect)
alone is sufficient to explain the two experimental obser-
vations of Elkin: (i) the 74% volume increase observed
in isotonic bathing solution, and (ii) the dependence of
the slice volume on the ionic concentration of the bathing
solution.
II. MATHEMATICAL MODEL FOR
EQUILIBRIUM SWELLING
We consider a steady state equilibrium model of
swelling, rather than investigating the dynamics of the
system. To understand why this is appropriate we con-
sider the time scales in the problem. The experimental
slices were of thickness h=0.35mm, the diffusion coeffi-
3cient of ions in soft tissue is of order D=10−10m2s−1 [27],
and the hydraulic conductivity of brain tissue to water is
of order K=10−12m2Pa−1s−1 [23, 28]. The time scale for
ions to equilibrate is h2/D, whilst the time scale for wa-
ter to equilibrate is h2/K/∆p (where ∆p is the pressure
gradient across the system, which is of order ∆p=1000Pa
for brain tissue swelling). Calculating these time scales
indicates that both the water and ions should respond
to an instantaneous change in FCD over a time scale
of minutes. In the experiments of Elkin et al. [9] how-
ever, swelling evolved over several hours. This suggests
that it is biological processes (such as the rate of expo-
sure of FCD) rather than physical processes (such as the
rate of movement of ions and water) which determine the
swelling rate. At each stage of the process we expect the
system to be approximately in equilibrium.
We use a steady state triphasic model to investigate
the volume change in brain tissue caused by a prescribed
FCD increase. The mathematical model we present is
equivalent to that given by [9], and note that this model
is described elsewhere in the literature (for example with
application to articular cartilage eg. [12, 29, 30]). In
Section IV we show that this model can be extended to
account for the presence of additional non-permeating
solute species.
A. Model set up
FIG. 1: A schematic of the phases considered in a tripha-
sic model: a solid phase, fluid phase, and solutes (positive
(+) and negative (-) ion species, and non-permeating solutes
(n)). Some components of the solid phase have a net neg-
ative charge (fixed charge density (FCD)), which induce ion
concentrations to satisfy charge neutralisation.
We consider a cuboid of tissue allowed to swell freely
in an ionic solution bath. We assume that the solution
bath is of constant composition, well mixed, and at con-
centration c∗ and pressure p∗. The tissue is modelled as
a triphasic mixture of incompressible phases: an elastic
solid phase (representing solid components of the tissue
such as extracellular matrix), a fluid phase, and a solute
phase composed of positive and negative ion phases in
solution. In addition there is an FCD represented by a
negative charge on the solid matrix. Figure 1 shows a
schematic of the phases considered in our model.
The volume fraction of solid phase, defined as the vol-
ume of solid divided by the volume of the mixture, is
denoted by φs. We assume that the mixture is saturated
and the solute concentrations are sufficiently dilute that
the volume fractions of solute may be neglected in com-
parison with the solid and fluid phases: thus the volume
fraction of fluid is 1− φs. The positive and negative ion
concentrations, and FCD within the tissue, are denoted
c+, c− and cf respectively. The mixture is electroneutral,
and when in steady state the fluid and ion phases are in
electrochemical equilibrium. When an FCD is present
these requirements cause the steady state ion concentra-
tion to be greater within the tissue than in the solution
bath [12, 30].
We compute the steady state equilibrium to determine
the volume change between healthy and damaged tissue.
In the healthy state we assume that the FCD is negligi-
ble: therefore the ion concentration within the tissue is
equal to that of the solution bath and there is no osmotic
pressure within the tissue. We model tissue damage by
increasing the reference state cf0 to mimic an increase
of FCD now present in the tissue: this FCD induces an
ion concentration difference between the tissue and bath
which causes an osmotic pressure gradient. This osmotic
pressure difference drives water to accumulate within the
tissue, therefore causing swelling.
A key point is that a triphasic mathematical model
measures the volume change of the tissue relative to a
‘reference state’. We take the reference state to be the
original volume of the tissue when excised, before the ex-
periments began. Therefore the volume change predicted
by our model is the total volume change undergone dur-
ing the experiments (i.e. the volume change between
healthy tissue when originally excised, and damaged tis-
sue following both experiments). In contrast, Elkin et al.
[9] treated the already damaged tissue, in a concentrated
solution bath, as being the reference state. Whilst the
latter approach allows the behaviour of damaged tissue
to be studied, the physical relevance of their reference
state is unclear, and the causes of the overall change in
tissue volume cannot be investigated.
B. Governing equations
The solid phase is treated as a homogeneous, isotropic,
incompressible elastic solid, and the tissue deformation is
4determined by the stretch of the solid phase. The tissue
is described in the (stress free) reference configuration
by the material coordinates X, and after deformation
is defined by new coordinates x = χ (X, t) (referred to
as the current configuration). The deformation gradient
tensor F is defined by,
F =
∂χ
∂X
. (1)
It is also useful to define J = det(F), the local change in
volume due to deformation [31]. Since the solid phase is
incompressible, the mass conservation of the solid phase
can be written as
φs =
φs0
J
. (2)
where φs0 is the volume fraction of solid in the stress-free
reference state.
The behaviour of the tissue is determined by a bal-
ance of elastic stress and osmotic pressure. The elastic
properties of brain tissue under finite deformation has
been modelled by several stress-strain constitutive laws,
including the Ogden [32] and Fung [9] models. In mix-
ture theory the stress tensor has two components, which
represent the stress due to the elastic properties of the
tissue and that due to fluid pressure. For comparison
with Elkin et al. [9] we treat the tissue as an isotropic
Fung material [33], so that the Cauchy stress has the
form:
σ = −pI+ 1
J
eQ
[
λs(trB− 3)B+ 2µs(B2 −B)
]
, (3)
where p is the fluid pressure, B = FFT is the left Cauchy-
Green stress tensor and,
Q =
1
4c
[
λs(trB− 3)2 + 2µs(tr(B2)− 2trB+ 3)
]
. (4)
The parameters λs, µs are chosen so that for small defor-
mations they coincide with the Lame´ coefficients of the
solid, and c is an additional elastic modulus (with units
of stress) which controls the strain stiffening.
The tissue experiences free swelling boundary condi-
tions. At equilibrium the stress within the tissue must
balance the pressure exerted by the solution bath (σ =
−p∗I) [34]. As the tissue is assumed homogeneous and
isotropic, an equilibrium deformation with these bound-
ary conditions takes the form F = λI where λ is the
stretch in each principal direction. Therefore,
p− p∗ = 3K(λ
2 − 1)
2λ
exp
[
9K
4c
(λ2 − 1)2
]
. (5)
where K = λs + 2/3µs is the bulk modulus.
Within the tissue the positive ions (c+) and negative
ions (c−) contribute to the osmotic pressure. Assuming
ideal solutions, the osmotic pressure difference between
the tissue and bath is
p− p∗ = RT [c+ + c− − c∗] , (6)
where c∗ is the osmotic concentration of the bath, R is
the ideal gas constant, and T the absolute temperature.
At equilibrium the ions must be distributed so that they
are in electrochemical equilibrium and such that the tis-
sue is electroneutral everywhere: therefore the positive
and negative ion concentration within the tissue is deter-
mined by the Donnan equilibrium [see 29, 30, for exam-
ple]:
c+ + c− =
√
cf
2
+ c∗2. (7)
As the FCD is attached to the solid phase, the concen-
tration of FCD is related to the deformation according
to,
cf =
φw0 c
f
0
λ3 − 1 + φw0
, (8)
where cf0 and φ
w
0 = 1 − φs0 represent the FCD and vol-
ume fraction of water in the stress-free reference state
respectively. Substituting equations (6), (7) and (8) into
equation (5) gives a single equation for λ:
RT

√√√√( φw0 cf0
λ3 − 1 + φw0
)2
+ c∗2 − c∗
 =
3K(λ2 − 1)
2λ
exp
[
9K
4c
(λ2 − 1)2
]
(9)
which can be solved numerically for the stretch λ (e.g.
using Newton’s method). The right hand side of equation
(9) represents the elastic stress in the tissue, while the
left hand side the osmotic pressure; the equilibrium state
occurs when the elastic stress and osmotic pressure are
balanced.
C. Parameterisation
The meanings and typical values of the parameters
used in the model are given in Table I. Note in par-
ticular that for the strain stiffening parameter c, Elkin
et al. [9] fitted data to obtain c = 26.5Pa for brain tis-
sue (they noted that their fit was not sensitive to this
parameter). However, if this were the case then the ob-
served volume increase of 74% would require fluid pres-
sure to be of the order 1×107Pa (1×105mmHg). Since
intracranial pressure increases associated with edema are
of the order 1×103Pa (10−20mmHg) [35], this is clearly
unphysiological. For a typical biological tissue the ex-
ponential coefficient 9K/4c≈1 [36], therefore we choose
c = 1000Pa to ensure that this is the case. The difference
in stress-strain relationships for these values of the strain
stiffening parameter c is shown in Figure 2.
In the healthy state we assume that the FCD is negli-
gible (cf0 ≈ 0), which has the consequence that λ = 1 is a
solution to equation (9), i.e there is no swelling without
5FCD. We model damage by increasing the FCD to a fixed
value: the FCD in damaged brain tissue was measured
by Elkin et al. [9] by assaying the GAG content (gly-
cosaminoglycan proteins, a major component of FCD in
biological tissue) of damaged brain tissue (finding a ref-
erence state FCD of cf0=4mEq/l). For a particular c
f
0 the
solution λ to equation (9) gives the stretch of the tissue
from the healthy to damaged state; the corresponding
volume change is simply J − 1 = λ3 − 1.
Parameters for the triphasic model in the brain
Item Meaning Value
K Bulk modulus (calculated from Poisson ratio
of 0.35 and Young’s modulus of 350Pa)
380 Pa [28]
c Strain stiffening elastic parameter 1000 Pa [36]
φw0 Reference state tissue water volume fraction 0.8 [10]
φs0 Reference state solid volume fraction(1−φw0 ) 0.2 [10]
cf0 FCD of damaged tissue at reference state 4 mEq l
−1 [9]
R Gas constant 8.3 J mol−1K−1 [37]
T Temperature 310 K [9]
TABLE I: Summary of the parameters values used in the
model. Note that the units Eq represent the amount of a
substance multiplied by its valence. Added that φw0 , φ
s
0 are
in reference state.
We exclude the data point corresponding to the
6mOsm solution bath (the most dilute bathing solution)
in our analysis. Indeed, if the FCD is of comparable mag-
nitude to the concentration of the bathing solution, the
osmotic pressure induced by the Donnan effect is very
sensitive to the FCD. For example, an increase in the
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FIG. 2: Stress-strain relationships for the Fung elastic model,
as given by equation (5), with bulk modulus K=380Pa, for
three values of the strain stiffening parameter c. The gradient
of each curve gives a measure of the stiffness: a steeper slope
indicates that the mixture is more stiff, as a greater stress is
required to produce a particular volume change. We observe
that all these curves exhibit strain stiffening, whereby the
material becomes stiffer at greater strains. However, at lower
values of c, the stiffening occurs at smaller volume changes.
FCD from 10 to 11mEq/l can lead to an osmotic pressure
change of up to 90Pa (less than 1mmHg) in an isotonic so-
lution, but could cause an osmotic pressure change of over
2000Pa (15mmHg) in a 6mOsm bathing solution. Fur-
thermore it has been observed experimentally that brain
tissue fails at strains over 25% [38]. The only bathing
concentration causing a strain over 25% is 6mOsm (a
volume increase of 130% is equivalent to over 30% strain
in each principal direction), and therefore it is uncer-
tain whether the elastic parameters are relevant in this
regime. Additionally for the 6mOsm bathing solution
we cannot be confident of the assumption that the con-
centration of the solution bath remains constant, since
products released from the damaged tissue may cause a
proportionately large change in the concentration of the
bathing solution. For more concentrated bathing solu-
tions this effect would be relatively insignificant. Given
the sensitivity of the model to this data point, and the
uncertainly over whether the assumptions of the model
are valid, we exclude this data point from our analysis.
III. THE DONNAN HYPOTHESIS
In this section we analyse solutions to equation (9)
to investigate whether the Donnan effect is able to ex-
plain the magnitude of swelling observed experimentally.
The experimental results of Elkin et al. [9] are shown in
Figure 3b, showing the volume change of tissue slices in
ionic solution baths of 6, 200, 300, 1000 and 2000 and
4000mOsm relative to their size when initially excised.
To begin with, we consider whether the Donnan effect
can explain the 74% ‘baseline’ swelling observed when
damaged tissue slices are submerged in an isotonic ionic
solution. Figure 3a shows both the osmotic pressure (left
hand side of equation (9)) and elastic stress (right hand
side of equation (9)) for a tissue slice in isotonic bathing
solution (c∗=300mOsm), as a function of the volume
change J − 1 = λ3 − 1. Solutions to equation (9) occur
where these curves intersect so that the osmotic pres-
sure balances the elastic stress. Table I shows relevant
physiological parameters for brain tissue: based upon the
accepted values of these parameters, a volume change of
15% should be expected.
The discrepancy between the 15% swelling predicted
and 74% observed experimentally leads us to re-evaluate
the material parameters used. The bulk modulus of
K=380Pa was measured for recently excised brain tissue
[28]. It therefore seems possible that the elastic prop-
erties of brain tissue may change over the course of the
experiment. Figure 3a shows that if the bulk modulus of
brain tissue were reduced to K=30Pa then 74% swelling
would be predicted in an isotonic solution bath. How-
ever, whilst there is evidence that unphysiological exper-
imental conditions such as temperature may affect the
Young modulus by 50% [39] there is no precedent for the
ten-fold decrease in the elastic moduli of damaged brain
tissue that would be needed to explain the 74% baseline
6swelling shown in Figure 3a. On the contrary, exper-
iments have indicated that the elastic moduli of brain
tissue actually increases post mortem [40].
An alternative explanation for the discrepancy is that
the FCD of dead brain tissue may be greater than that
measured experimentally. The physiological FCD of
cf0=4mEq/l was calculated by assaying just the sulphated
GAGs concentration. As observed by Elkin et al. [9] there
may be other sources of FCD in the damaged tissue. If
instead the bulk modulus is maintained at K=380Pa but
the FCD is increased to cf0=15mEq/l, we observe from
Figure 3a that a volume change of 74% is predicted in
an isotonic solution. We now use these two scenarios
(K=380 Pa and cf0=15 mEq/l, or K=30 Pa and c
f
0=4
mEq/l) as a starting point to investigate the second se-
ries of experiments performed by Elkin: examining the
further swelling when exposed to different bath concen-
trations.
In Figure 3b we show results of the theoretical model
for each of the parameter sets in Figure 3a; we also show
the experimental data. This shows that whilst an FCD
of cf0=15mEq/l and bulk modulus of K=380Pa, or FCD
of cf0=4mEq/l and bulk modulus of K=30Pa, are suffi-
cient to explain the swelling observed in isotonic bathing
solution (300mOsm), these parameters do not to explain
the swelling observed across the range of ionic bathing
solutions investigated experimentally. As a first step to
understanding the swelling observed at different concen-
trations, we conducted a least squares fit to determine
the bulk modulus and reference state FCD that best
fit the experimental data. This yields K=4475Pa and
cf0 = 157mEq/l. Whilst these parameters show a good
fit to the data they are unphysiological: the bulk modu-
lus is an order of magnitude greater than that measured
experimentally, while the FCD is two orders of magnitude
greater than that measured in brain tissue.
With physiological parameters, the theoretical model
shows that the Donnan effect is unable to explain the con-
centration dependent swelling observed experimentally.
This indicates that exposure of intracellular FCD, lead-
ing to the Donnan effect, cannot be the only mechanism
driving tissue slice swelling. We therefore seek an alter-
native explanation.
IV. EXTENSION TO NON-PERMEATING
SOLUTES
Since it is unlikely that exposure of intracellular FCD
is the only driver of increased osmotic pressure, we con-
sider other sources of solutes. For example, the break-
down of capillary membranes can lead to an increase in
the plasma protein content of the tissue [1]. Similarly,
breakdown of cell membranes may allow proteins pre-
viously isolated within the intracellular space to be re-
leased into the tissue, and it has been hypothesised that
brain injury causes abnormal cellular metabolism leading
to degradation of large molecules and tissue structures,
0 20 40 60 800
100
200
300
400
% Volume change (100(λ3−1))
St
re
ss
, P
a
K=3
80P
a
K=30Pa
cf0=4mEq/l
c f
0 =15mEq/l
 
 
Osmotic pressure
Elastic stress
Observed swelling
(a)
0 1000 2000 3000 40000
20
40
60
80
100
120
140
Osmolarity of ionic bath (c*), mOsm
%
 vo
lum
e 
ch
an
ge
 (1
00
(λ
3 −
1)
)
 
 
Experimental data
Mathematical model
Isotonic
(b)
FIG. 3: (a) Elastic stress within the tissue ( dashed curves)
and osmotic pressure due to the Donnan effect ( solid curves)
in an isotonic solution (c∗ = 300mOsm) as a function of tis-
sue volume change. Intersections between the elastic stress
and osmotic pressure give solutions to equation (9) for a par-
ticular parameter set. For an FCD of cf0=4mEq/ and bulk
modulus K=380 we see that only 15% volume change would
be expected, yet experimentally 74% was observed. Increas-
ing the FCD to cf0=15mEq/l or decreasing the bulk modulus
to K=30Pa allows 74% swelling. (b) Shows expected swelling
(solutions to equation (9)) as a function of bath ionic concen-
tration, for comparison with experimental data from Elkin
et al. [9]. The error bars signify the minimum and maxi-
mum expected range based upon the standard error of the
mean given by [9]. Each of the two parameter sets that give
74% swelling in isotonic solution are used as followed: :
cf0=15mEq/l, K=380Pa. ◦: cf0=600mEq/l, K=30Pa. Addi-
tionally we show the curve obtained by performing a least
squares fit for the bulk modulus and FCD. ×: cf0=157mEq/l,
K=4475Pa. These parameters are unphysiological.
causing an elevation in tissue osmolarity [14]. In this
section, we investigate the effects of an increase in solute
concentration in the tissue.
We hypothesise that along with an increase in FCD,
damaged brain tissue also experiences an increase in the
7concentration of uncharged solutes. Whereas many of
these solutes may be small enough to diffuse down con-
centration gradients and equilibrate with the external so-
lution bath, others may be sufficiently large that they
become trapped within the tissue by the various mem-
branes and intracellular and extracellular structures that
are present. We refer to these as non-permeating solutes
[41].
Whilst both changes in non-permeating solute concen-
trations and exposure of FCD lead to osmotic pressure
increases, the mechanism through which they do so is
different. On the one hand, exposure of FCD induces an
ion concentration difference between the bathing solution
and tissue. This is both to ensure electroneutrality and
prevent chemical potential gradients at equilibrium [42].
Because of this coupling, the osmotic pressure induced
by exposure of FCD depends on the concentration of the
bathing solution. On the other hand, non-permeating
solutes are physically trapped within the tissue and ex-
ert an osmotic pressure of their own accord, independent
of the bathing concentration. They are unable to equili-
brate in concentration with the external bathing solution
because they cannot diffuse through the mixture.
For simplicity we assume that a negligible concen-
tration of these non-permeating solutes are present in
healthy tissue, whilst there is a homogeneous concentra-
tion in damaged tissue. Defining cn as this solute concen-
tration in a damaged tissue, and cn0 as the concentration
for damaged tissue in the reference state, similarly to
equation (8) we may express the current concentration
in terms of the deformation,
cn =
φw0 c
n
0
λ3 − 1 + φw0
, (10)
Since the non-permeating solutes are trapped within
the tissue, their presence alters the governing equation
by adding an additional term to the osmotic pressure.
Therefore the governing equation (9) becomes,
RT

√√√√( φw0 cf0
λ3 − 1− φw0
)2
+ c∗2 +
(
φw0 c
n
0
λ3 − 1− φw0
)
− c∗

=
3K(λ2 − 1)
2λ
exp
[
9K
4c
(λ2 − 1)2
]
.
(11)
We fit for the reference state FCD cf0 and non-permeating
solute concentration cn0 from equation (11) to the exper-
imental data by minimising the least square error, find-
ing cf0=11.6mEq/l and c
n
0 =0.09mOsm. Figure 4 shows
the experimental data and solutions of equation (11) for
these values. As discussed in Section II C, we neglect the
data point corresponding to the 6mOsm solution when
performing the least squares fit (because it is uncertain
whether the model parameters are relevant to such con-
centrated bathing solutions). However, we include this
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FIG. 4: Main figure: The solid curve shows solutions to
(11) for the values of FCD and non-permeating solute con-
centrations (cf0 and c
n
0 respectively) that minimise the mean
squared error (see inset). Black circles show experimental
data from [9], where the error bars signify the minimum and
maximum expected range based upon the standard error of
the mean. The bulk modulus is K=380Pa for all of these com-
putations. ∗: the data point for the 6mOsm solution bath is
excluded from the fitting, see text. Inset: Contours showing
the mean squared error of solutions across a range of FCD cf0
and fixed osmole cn0 concentrations, compared to the exper-
imental data shown in the main figure. Values which corre-
spond to the least squared error (L.S.E) are cf0=11.6mEq/l
and cn0=0.09mOsm.
data point in the plot to show that the mathematical
model and experimental data still agree qualitatively.
The inset of Figure 4 shows contours for the least
squares error of solutions to equation (11), compared to
the experimental data as a function of the reference state
FCD cf0 and fixed osmole concentration c
n
0 . Figure 4
shows that the model is able to provide a good fit for the
experimental data for bathing solution concentrations in
the 100−4000mOsm range.
V. DISCUSSION
We have used a triphasic model to investigate swelling
of brain tissue slices. The triphasic model is appropriate
for modelling tissue swelling since it couples the effects of
ion concentration and fluid pressure with elastic deforma-
tion of the tissue, allowing osmotic effects to drive tissue
swelling. We have proposed an extension to the existing
model [12] by including a further non-permeating solute
species, which directly exerts an osmotic pressure on the
tissue [41].
It has been proposed that exposure of intracellular
FCD (leading to the Donnan effect) provides the phys-
ical driving force for swelling of brain tissue slices [9].
8However, we have shown that within physiological pa-
rameter values the Donnan effect alone is insufficient to
explain the magnitude of swelling observed experimen-
tally (volume increases of 74% in isotonic solution). One
possible explanation is that the elastic properties of the
tissue are altered when the tissue is damaged. However
the bulk modulus of the tissue would have to decrease
to only 30Pa for the Donnan effect to explain the magni-
tude of swelling in isotonic solution. Such a large effect is
not supported by the experimental literature-if anything,
the modulus has been reported to increase. Furthermore,
this reduction in bulk modulus gives a poor fit for the
subsequent experimental data across a range of bathing
solution concentrations.
We propose that the swelling of brain tissue slices is
caused by an increase in osmotic pressure due to two
types of species: ions trapped in the tissue due to the
FCD, and solutes unable to permeate through the tissue
due to mechanical obstructions. Tissue swelling caused
by non-permeating solutes alone is independent of the
ionic concentration of the solution bath. It is the pres-
ence of the FCD that causes the ionic concentration of
the bathing solution to affect the tissue volume, since
the charged FCD interacts with ions to maintain elec-
troneutrality. The presence of FCD explains why the
slice volume depends upon the bathing solution concen-
tration, whilst the presence of the non-permeating solutes
explains why the tissue is swollen even in bathing con-
centrations of 4000mOsm, where the presence of FCD
results in minimal swelling. A least squares fit gave the
reference state FCD as cf0 =11.6 mEq/l and the reference
state fixed osmole concentration as cn0 =0.09mOsm.
A reference state FCD of cf0 =11.6 mEq/l is greater
than the reference state FCD of cf0 =4 mEq/l measured
experimentally by assaying the GAG content of damaged
brain tissue [9]. However the authors acknowledged that
other macromolecules which were not tested for (such as
DNA [43]) may also contribute to the FCD, and therefore
it is reasonable to expect the FCD to be greater than that
measured in this experiment. In articular cartilage, FCD
has been measured in the range 10−30 mEq/l [44] which
is comparable in magnitude to the FCD we hypothesise
in damaged brain tissue on the basis on Elkin’s data.
Kawamata et al. [14] measured a 91.5mOsm increase
in osmolarity due to solutes in the core edemic region
of in vivo rat brains. Our fit to the experimental data
required a non-permeating solute concentration of only
cn0 =0.09mOsm. This large difference may occur because
the majority of osmotically active molecules produced
within the tissue are small enough to diffuse out of the
tissue slice and equilibrate in concentration with the so-
lution bath. Only those trapped within the tissue will
contribute to the osmotic pressure difference.
The triphasic model has been validated experimen-
tally for cartilage [34]. Soft tissues such as the brain
are structurally very different from cartilage, and as the
proteoglycan concentration is much lower than cartilage
it is not clear whether the tissue contains sufficient neg-
ative charges to have a non-negligible FCD. Our work
agrees with the hypothesis of Elkin et al. [9], that dam-
aged brain tissue contains sufficient FCD to act as a
triphasic material. However we propose that a further
term must be considered, to represent the osmotic pres-
sure caused by electrically neutral non-permeating so-
lutes which themselves directly exert an osmotic pres-
sure. These molecules may be released from the intracel-
lular compartment, or produced due to abnormal cellular
metabolism, when the tissue is damaged. As cartilage has
a low cell density in comparison to other soft tissues, this
term is not relevant in the original triphasic model.
Whilst we have shown that the volumetric response of
damaged brain slices to changes in ionic bathing solu-
tion are consistent with the Donnan effect being present,
to our knowledge this effect has not been discussed in
the literature with regard to in vivo swelling. In vivo
an exposed FCD would prevent the free movement of
ions, which may have consequences for the formation and
resolution of edema. Similarly an accumulation of non-
permeating solutes could prolong edema if they cannot
be cleared from the tissue. When tissue damage occurs
in the in vivo brain these effects may well be difficult to
isolate due to other osmotic effects, and it is only by care-
ful slice experiments that this behaviour can be isolated
and further understood.
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